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Mathematics of Investments
THE accountant sometimes is confronted
with problems concerning compound
interest, annuities, sinking fund contributions, and the like. He may be
asked to find the present value of a lease
calling for a certain number of periodic
payments, or he may want to know what
amount should be set aside each year to
liquidate a debt at some future date. These
situations arise frequently enough so that
some knowledge of the mathematics of
compound interest is considered an essential part of the technical equipment of the
accountant.
Tables have been published which facilitate the computations in the solution of
compound interest problems. These tables
are very helpful when accessible and almost
indispensable in the more complicated instances. However, the accountant should
be sufficiently familiar with the relationships of the several compound interest
functions, so that he can solve elementary
problems when published tables are not
available or when the tables at hand are
incomplete. One should, if necessary, be
able to handle a fair proportion of investment problems through reasoning rather
than through memorizing complicated
formulas and the attendant algebraic
symbols.
There are six fundamental compound interest functions as follows:
1. Amount of $1 at compound interest.
One dollar invested now at compound interest will amount to how much at the end
of a certain period of time?
2. Present value of $1 at compound interest. What sum of money invested now
at compound interest will amount to $1
at the end of a certain period of time?
3. Amount of $1 per period at compound
interest. A periodic payment of $1 will
amount to how much at compound interest
at the expiration of a certain period of
time?
4. Present value of $1 per period at
compound interest. What sum of money

invested now at compound interest would
be just sufficient to make a periodic payment of $1 for a certain length of time?
5. Annuity which will amount to $1 at
compound interest. What sum of money
should be regularly set aside at compound
interest to amount to $1 at the end of a
certain period of time?
6. Annuity which has a present value at
compound interest of $1. One dollar set
aside now at compound interest will be
just sufficient to make a regular payment
of how much for a certain length of time?
Computations are made on the basis of
$1 because each dollar in a given transaction increases in the same proportion as
every other dollar. The result then is multiplied by the number of dollars involved.
Generally the dollar sign is omitted because the tables or computations may be
considered as representing one unit of any
monetary standard—the dollar, the pound,
the franc, and so forth. Time usually is
referred to by periods rather than by years,
a period being the interval between two
successive interest conversion dates. Interest rates also are adjusted to the basis of
a period. The amount of 35,000 for three
years at 4% per annum compounded
quarterly would be considered, for purposes
of computation, as the amount of $1 for 12
periods at 1% per period and the result
multiplied by 5,000.
1. Amount of 1
The amount of 1 invested for one period
at 4% is 1 x 1.04, or 1.04. The amount of
1 invested for two periods at 4% is equivalent to the amount of 1.04 invested for one
period at 4% which is 1.04 x 1.04, or 1.0816.
The amount of 1.0816 invested for one
period at 4% is 1.0816 x 1.04, or 1.124864,
which is the same as the amount of 1 invested for three periods at 4%, (1 x 1.04 x
1.04 x 1.04 = 1.124864). The ratio of
the investment value at the end of a period
to the value at the beginning of the period
is known as the ratio of increase. The ratio
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1.04, or .92455621. The present value of
1 three periods hence at 4% is 1 ÷(1.04) ,
or .88899636. The present value of 1
sixteen periods hence at 4% would be
computed as follows:
1/ 1.04 =.96153846
1/1.04 x1/ 1.04 =1/(1.04) =.92455621
l/(1.04) x1/(1.04) =1/(1.04) =.85480419
l/(1.04) x1/(1.04) =1/(1.04) =.73069021
1/(1.04) x1/(1.04) = 1/(1.04) = .53 390818
If, in using tables which extend only to
100 periods, it is desired to ascertain the
present value at 4% per annum compounded quarterly of a $50,000 payment
to be made 40 years hence, the result can
be obtained by multiplying the present
value of $1 one hundred periods hence at
1% by the present value of $1 sixty periods
hence, (.36971121 x .55044962) giving
1 ÷ (1.01) , or .20350739, and multiplying that product by 50,000 giving a final
result of $10,175.37.
It should be noted that the present
value of 1 any number of periods hence and
the amount of 1 for a similar number of
periods are always the reciprocal of each
other, given the same rate of interest. If
the amount of 1 invested for 16 periods
at 4% is 1.87298125, then the present value
of 1 sixteen periods hence at 4% is
1 ÷1.87298125, or .53390818. Similarly,
if the present value of 1 ten periods hence
at 3% is .74409391, then the amount of 1
for ten periods at 3% is 1 ÷.74409391, or
1.34391638.
The amount of 1 is made up of two parts,
2. Present value of 1
the original principal of 1 and the comIf the amount of 1 invested for one pound interest. If the amount of 1 inperiod at 4% is 1.04, then the present value vested for five periods at 6% is 1.33822558,
of 1.04 one period hence is 1. The present then 1.33822558 minus 1 gives the comvalue of 1 is the sum of money which will pound interest, .33822558. Similarly, 1
amount to 1 at some definite future time minus the present value of 1 gives the
at a given rate of interest. In determining compound discount. The present value of
the present value of 1 the ratio of increase 1 five periods hence at 6% is .74725817;
is used as a divisor rather than as a factor. therefore, the compound discount is 1
The present value of 1 one period hence at minus .74725817, or .25274183.
4% is 1 ÷1.04, or .96153846. The present
value of 1 two periods hence is equivalent 3. Amount of an annuity of 1
to the present value of .96153846 one period
The amount of an annuity of 1 per period
hence; 1 ÷ (1.04) equals .96153846 ÷ means the total accumulated by paying 1
of increase is equivalent to 1 plus the rate
of interest for one period expressed decimally. In determining the amount of 1
the ratio of increase is used as a factor as
many times as there are periods to be considered. The amount of 1 invested for three
years at 6% compounded semi-annually
is 1 x 1.03 taken as a factor six times, or
1.03 raised to the sixth power; (1.03) =
1.1940523. If the original principal were
$100, the amount would be $119.40523.
If the original principal were $100,000,
the amount would be $119,405.23.
It is not necessary to perform the computations period by period when a large
number of periods is involved. The
amount of 1 invested for 8 years at 4%
compounded semi-annually is 1 x (1.02) .
Instead of multiplying by 1.02 sixteen
times, the result may be obtained in four
steps:
1.02 x 1.02 = (1.02) = 1.0404
(1.02) x (1..02) = (1.02) = 1.08243216
(1.02) x (1.02) = (1.02) = 1.17165938
(1.02) x (1.02) = (1.02) = 1.37278571
Although the above multiplications
would not be performed when a table is
available, it is desirable to be familiar with
the principle to obtain the maximum use
of a table. If the tables available extend
only to 50 periods and it is desired to ascertain the amount of 1 for 85 periods at
3%, the result can be obtained by multiplying (1.03) by (1.03) , (4.38390602 x
2.81386245) giving (1.03) , or 12.3357.
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at the end of each period at a given rate
of interest. It may be looked upon as a
series of amounts of 1. The amount of an
annuity of 1 per period for three periods at
4% is equivalent to the amount of 1 for
two periods at 4% plus the amount of 1
for one period at 4% plus the final payment
of 1 at the end of the third period which
draws no interest, (1.0816 + 1.04 + 1 =
3.1216). But it is not necessary to determine the several amounts of 1 in order
to ascertain the amount of an annuity of 1.
The compound interest element of the
amount of 1 for a given number of periods
divided by the rate of interest expressed
decimally will give the amount of an annuity of 1 for the same number of periods
at the same rate of interest. The amount
of 1 for three periods at 4% is 1.124864.
The compound interest is 1.124864 minus
1, or .124864. The compound interest,
.124864, divided by the rate of interest,
.04, gives the amount of an annuity of 1
for three periods at 4%, or 3.1216. This
type of an annuity with payments made at
the end of each period is called an ordinary
annuity.
If the payments are made at the beginning of each period, it is called an annuity
due. This means that each payment
draws interest for one additional period
over that of a corresponding ordinary
annuity. Therefore, if the amount of an
ordinary annuity of 1 for three periods at
4% is 3.1216, the amount of an annuity
due for three periods at 4% is 3.1216 x
1.04, or 3.246464. A n annuity due also
may be determined by finding the amount
of an ordinary annuity for one period
greater than the number required and subtracting the final payment of 1. The
amount of an ordinary annuity of 1 for four
periods at 4% is 4.246464. The amount of
the annuity due, therefore, would be
3.246464. Tables usually are constructed
on the basis of ordinary annuities.
4. Present value of an annuity of 1
The present value of an annuity of 1 per
period at a given rate of interest is the sum
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of the present values of the series of payments of 1 at the same rate of interest. It
is the amount one would be willing to pay
now for the right to receive a certain number of periodic payments in the future considering money to be worth a given rate of
interest. The present value of an annuity
of 1 for three periods at 4% is the present
value of 1 for one period at 4% plus the
present value of 1 for two periods at 4%
plus the present value of 1 for three periods
at 4%, (.96153846 + .92455621 +
.88899636 = 2.77509103). However, the
present value of an annuity of 1 per period
at a given rate of interest may be computed
directly by dividing the compound discount element of the present value of 1 for
the same number of periods by the rate of
interest involved expressed decimally.
The present value of 1 for three periods at
4% is .88899636. The compound discount
is 1 minus .88899636, or .11100364. The
present value of an annuity of 1 for three
periods at 4% is the compound discount
.11100364 divided by the rate of interest
.04, or 2.775091.
The foregoing paragraph refers to ordinary annuities wherein payments are made
at the end of each period. In the case of an
annuity due, the payments are made at the
beginning of each period; hence, each payment is discounted one less period than in
an ordinary annuity. The present value
of an annuity due, therefore, is the present
value of an ordinary annuity for the same
number of periods increased by one period's
interest at the rate involved. The present
value of an annuity due of 1 for 3 periods
at 4% is the present value of an ordinary
annuity for 3 periods at 4% multiplied by
1.04, (2.77509103 x 1.04 = 2.88609467).
In using a table the present value of an
annuity due would be determined by finding the present value of an ordinary annuity for one less period and adding 1.
The present value of an annuity due of 1
for three periods at 4% is the present value
of an ordinary annuity of 1 for two periods
at 4% increased by 1, (1.88609467 + 1 =
2.88609467).
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5. Annuity which will amount to 1
If a man takes out a mortgage for $2,000,
bearing
interest at 6% per annum, what
The annuity which will amount to 1 at
should
be
his annual payment in order to
compound interest is the function used
discharge
the
principal and interest in five
when the principal to be accumulated in a
certain number of periods is known, but years? The present value of his indebtedthe periodic payments to be made at a ness is $2,000; hence, $2,000 is the present
given rate of interest are unknown. In the value of the five unknown payments at
amount of an annuity of 1 at compound 6%. The annuity for five periods which
interest, the periodic payments are known, has a present value at 6% of 1 is .23739640;
but the total of the accumulated payments therefore, 2,000 x .23739640, or $474.79 is
is unknown. Therefore, given the same the annual payment required to discharge
rate of interest and the same number of a mortgage of $2,000 at 6% in five years.
A knowledge of the relationships of the
periods, the annuity which will amount to 1
at compound interest and the amount of several compound interest functions is a
an annuity of 1 are the reciprocal of each distinct advantage in checking computaother. If the amount of an annuity of 1 tions. The annual payment necessary to
per period for five periods at 4% is discharge the $2,000 mortgage discussed
5.41632256, then the annuity for five above also could be solved by determining
periods which will amount to 1 at 4% will the annual payment necessary to amount
to $2,000 in five years at 6% and adding the
be 1 ÷5.41632256, or .18462711.
The annuity which will amount to 1 at annual interest payment. The annuity of
compound interest is the function generally five periods which will amount to 1 at 6%
used in sinking fund computations. What is .17739640. The annual payment necesamount should be set aside every six sary to discharge the principal of the
months at 6% compounded semi-annually mortgage is 2,000 x .17739640, or $354.79.
to accumulate a fund of $50,000 in ten The annual payment necessary to discharge
years? A n annuity of .03721571 for 20 both principal and interest is $354.79 plus
periods at 3% will produce 1. Therefore, the annual interest, $120 (6% of $2,000),
the semi-annual payment required to ac- or $474.79. One characteristic of investcumulate a fund of $50,000 in ten years at ment problems is that the majority of
6% compounded semi-annually is 50,000 x them are susceptible to proof either by
using a different combination of functions
.03721571, or $1,860.79.
or by constructing tables, although in a
6. Annuity which has a present value of 1 few instances the construction of the necesThe annuity which has a present value sary tables would be rather tedious.
at compound interest of 1 is the function
The ability to determine, through reaused to determine a given number of soning, the requirements of compound inperiodic payments, at a certain rate of in- terest problems assures a much firmer
terest, the total of the present values of foundation for developing proficiency than
which is equivalent to a known sum of does memorizing formulas and symbols.
money at the present time. The annuity Frequently those who depend only on
which has a present value at compound formulas are able to solve problems
interest of 1 and the present value of an which are described accurately in the terms
annuity of 1 are reciprocals of each other of the compound interest functions, but
for a similar number of periods and at the they become confused when it is necessary
same rates of interest. If the present value to interpret a set of facts described in
of an annuity of 1 per period for ten periods different words. Confusion also may arise
at 4% is 8.11089578, then the annuity for in the application of the formulas themten periods whose present value at 4% is selves. Thus, in adjusting the present
1 will be 1 ÷8.11089578, or .12329094.
value or amount of an ordinary annuity to
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an annuity due, there may be some doubt,
when working under pressure, as to whether
one period less should be taken and 1
added or whether one period more should
be taken and 1 subtracted. Such confusion
may be avoided if it is known that in either
case the value of the annuity due is the
value of the corresponding ordinary annuity increased by one period's interest at
the rate involved. A knowledge of formulas is good, but such skill leads to much
greater proficiency in handling investment
problems if it is based on a knowledge of
the fundamental principles involved.
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Mr. R. N . Rigby, of our Boston office, is
to be congratulated upon his recent attainment of the C. P. A . certificate of the State
of Massachusetts.
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